Recently [Phys. Rev. Lett. 106, 093902 (2011)] it has been shown that PT -symmetric scattering systems with balanced gain and loss, undergo a transition from PT -symmetric scattering eigenstates, which are norm preserving, to symmetry broken pairs of eigenstates exhibiting net amplification and loss. In the present work we derive the existence of an invariant non-local current which can be directly associated with the observed transition playing the role of an "order parameter". The use of this current for the description of the PT -symmetry breaking allows the extension of the known phase diagram to higher dimensions incorporating scattering states which are not eigenstates of the scattering matrix.
Quantum mechanical systems with a non-Hermitian Hamiltonian exhibiting PT -symmetry have been the subject of intensive investigations since the work of Bender et al [1, 2] demonstrating that such systems can have real eigenvalues. Spontaneously breaking the PT -symmetry one observes a transition from a real to a complex eigenvalue spectrum [1, 3] . Recently it has been impressively demonstrated that PT -symmetry can be realized in wave optical devices [3] [4] [5] [6] [7] . The first studies in this direction were motivated by the fact that the time-dependent Schrödinger equation maps on the paraxial approximation of the electromagnetic wave equation, describing the transverse variation of the electric field [3, 8] , where the variation on the z axis plays the role of time in the corresponding Schrödinger equation. Despite the fact that quantum electrodynamics is T -invariant the classical electromagnetic theory in a medium possessing gain and/or loss leads formally to the breaking of time reversal symmetry. In optical devices with balanced gain and loss regions, located symmetrically with the respect to some mirror axis, PT -symmetry is recovered.
In the case of electromagnetic wave propagation in optical waveguides, the PT -breaking transition maps to that of 1-or 2-D bounded Schrödinger problems in the transverse direction. However, recently the study of light scattering in unbounded domains, where a PTsymmetric device resides, has been addressed [9, 10] and followed by an investigation of the link between the breaking of PT -symmetry in bounded and unbounded systems [11] . One-dimensional PT -symmetric photonic heterostructures have been associated with appealing phenomena such as the existence of anisotropic transmission resonances [10] , double refraction [3] and power oscillations [7, 12] . Of special interest for a PT -symmetric scatterer are the CPA-laser points [13] , where it can act simultaneously as a coherent perfect absorber (CPA) [14] and as a laser at threshold. An interesting development in the context of PT -symmetric optical devices has been recently achieved [9] showing that a general PT -symmetric scattering system can undergo a multitude of spontaneous symmetry breaking transitions. A benchmark of these transitions is the parametric change of the magnitude |λ S | of the eigenvalues of the S-matrix leading to a phase diagram separating the PT -symmetric, norm preserving eigenstates characterized by a pair of complex eigenvalues with |λ S | = 1 from the broken, amplified and lossy eigenstates of an inverse-conjugate pair of eigenvalues with |λ S | = 1 [10] . Nevertheless, the scattering states which are eigenstates of the S-matrix comprise only a small subspace of all possible scattering states, demanding specific efforts for the preparation of the appropriate conditions of the scattering system. The question which naturally arises then is whether there exist states which are eigenstates of the PT -operator while they are not eigenstates of the S-matrix. Alternatively, can the phase diagram found in [9] be generalized to include scattering states which are not eigenstates of the S-matrix and if so, what would the required toolbox be such that their identification is feasible?
In a recent work [15] , by employing a generic wavemechanical framework, we have demonstrated how discrete symmetries such as parity and translation lead to symmetry-induced, non-local currents which are invariant within the spatial domains where the corresponding symmetry is obeyed (local symmetry). These invariants, in turn, led to a mapping which was shown to generalize the parity and Bloch theorems in the case where these symmetries are globally broken, while they are recovered in the limit of a corresponding global symmetry.
In the present Letter we focus on electromagnetic wave scattering in one-dimensional PT -symmetric optical devices and we show the existence of a non-local, spatially invariant current which can be used to classify general scattering states being eigenstates or not of the PToperator. In this sense our treatment generalizes the study in [9] for scattering states which are not eigenstates of the S-matrix. As a result the phase diagram takes a complete and comprehensive shape, while a more direct, fundamental link to the breaking of the PT -symmetry is achieved. The derived non-local current can be interpreted as an "order parameter" of the PT -symmetry breaking transition: when it vanishes the corresponding scattering state is an eigenstate of the PT -operator and it is non zero for states which are not PT -eigenstates. We show that the extended phase diagram contains regions of the parameter space with scattering states which are not eigenstates of the S-matrix but norm preserving PTeigenstates. This has to be contrasted with the fact that S-matrix eigenstates are in general not eigenstates of the PT −symmetry operator. Derivation of the invariant current.-We consider the scattering of a monochromatic plane light wave of frequency ω from a PT -symmetric optical multilayer in one dimension. Without loss of generality we assume that the device is elongated along the x-direction. The electric component of the field transverse to the x-axis (propagation axis) obeys the Helmholtz equation [16] :
where
and n(x) is the spatially dependent refractive index. In the considered device n(x) is in general complex indicating the gain or loss in the corresponding layer. For PT -symmetry to hold the gain and losses have to be balanced so that n(x) = n * (2a−x) when the center of the device is located at x = a. Since the scattering problem is unbounded Eq. (1) has solutions for all k ∈ R, although n(x) is complex. Generalizing the method developed in [15, 17] for discrete local symmetries one can derive a spatially invariant non-local current Q related to the PT -symmetry of the refraction index n(x). When the latter is globally symmetric, i.e. n(x) = n * (2a − x) for every x ∈ R, a non-vanishing Q is interpreted as a remnant of the PTsymmetry broken by the typical asymptotic conditions in a scattering problem, as explained in [15] . To obtain Q one writes the PT -transform of Eq. (1): (2) by E(x, k) and subtracting the resulting expressions we get:
where the PT -symmetry of the refractive index n(x) has been taken into account. Eq. (3) can be written as a total derivative:
leading to the constant non-local current:
It is straightforward to show that when Q = 0 then E(x, k) is an eigenstate of the PT -operator: Integrating the second equation in Eq. (6) we find:
where the last equation results from the fact that PT is an involution ((PT ) (5) is not an eigenstate of PT and vice versa. In a general one-dimensional scattering set-up (see Fig. 1 (a) ) Q can be calculated using the asymptotic expressions for the E(x, k) field:
, assuming that the length of the scattering device is L.
Inserting the asymptotic expressions (8) in Eq. (5) we obtain Q in terms of the incoming and outgoing wave amplitudes as follows:
For a scattering state to be a PT eigenstate the following condition -concerning its asymptotic behaviour-should hold:
leading to A * = ±C and B * = ±D. These relations when inserted into Eq. (9) give Q = 0, as expected from the above discussion. Expressing Q through S-matrix elements-In order to relate Q with the parameters characterizing n(z) it is useful to express the outgoing wave amplitudes A, D in terms of the incoming amplitudes B, C using the scattering matrix. For a general one-dimensional scattering device possessing PT -symmetry the scattering matrix can be written as:
with α ∈ C, β, γ ∈ R fulfilling the constraint |α| 2 = 1 + βγ [10] . Using the relation defining the action of the S-matrix:
and Eq. (11) we can write the non-local invariant current Q as:
where we have set ν = B/C. From Eq. (13) one can clearly see that Q depends not only on the parameters α, β and γ of the scattering matrix but also on the input amplitudes B, C. For scattering states which are eigenstates of the PT -operator Q must vanish leading to the condition:
with ν = |ν|e iϕ . Eq. (14) is a central result of the present Letter. For a general PT -symmetric scattering set-up it determines the parameters α, β, γ such that the input amplitudes B, C describe a scattering state which is a PT eigenstate. Thus, it can be used to classify arbitrary scattering states into eigenstates (Eq. (14) fulfilled and Q = 0) and non-eigenstates (Eq. (14) not fulfilled and Q = 0) of the PT -operator. Relation of Q to S-matrix eigenstates-In [9] the spontaneous breaking of PT -symmetry in photonic devices has been explored using a particular class of scattering states i.e. the eigenstates of the S-matrix. Let us note A e , B e , C e and D e the coefficients characterizing the asymptotic form of an eigenstate of the S-matrix in a similar way as Eq. (8) does for an arbitrary scattering state. Then, since:
with λ S being the corresponding S-matrix eigenvalue, we can rewrite Eq. (13) as:
illustrating transparently the relation between unimodularity (|λ S | = 1) of the S-matrix eigenvalues and the PTsymmetry (Q e = 0) of the corresponding eigenstates. The eigenvalues as well as the magnitude of the ratio
Be
Ce for the corresponding eigenstates of the S-matrix of a PTsymmetric scattering system are given in terms of the parameters α, β and γ in [10] . Based on Eq. (15) one can determine the quantity F e which depends only on the parameters of the S-matrix:
where ν e = B e /C e . This expression becomes zero for S-matrix eigenstates which are also eigenstates of the PT -operator, carrying the information of the symmetry breaking in the same manner as Q e does. Phase diagram for PT -breaking transitions in scatteringAs discussed in [9] a PT -breaking transition occurs by tuning the parameters of the S-matrix. It has been argued that the signature of this transition is the change from unimodular to non-unimodular S-matrix eigenvalues. However as we have shown above, the conserved non-local current Q is directly related to the observed transition in a transparent way, being zero for the symmetric and non-zero for the broken phase. In this sense Q clearly resembles the natural "order parameter" of the PT -breaking transition in a scattering system having in addition the advantage of being defined even for scattering states which are not eigenstates of the corresponding S-matrix. Thus the current Q can be used to extend the existing phase diagram of the PT -breaking transitions to arbitrary scattering states. For reasons of consistency with the literature [9] we define here as the relevant "order parameter" the quantity F :
which is actually the generalization of F e to arbitrary scattering states. Using Eq. (13) we can write:
The condition F = 0 determines the unbroken phase in an arbitrary PT -symmetric scattering system while F = 0 corresponds to the broken phase. In general the phase diagram depends on four parameters β, γ, ν and ϕ. In the PT -symmetric phase only three of these parameters are independent and the phase diagram will contain a connected 3D region (symmetric phase) characterized by F = 0. This is clearly a richer phase diagram than that obtained by using exclusively eigenstates of the S-matrix where the variables ν and ϕ are eliminated by projecting on the β, γ plane.
To illustrate this we construct the phase diagram for the specific PT -symmetric scattering problem considered in Refs. [9] [10] [11] . The device, shown in Fig. 2 (a) is comprised of two attached dielectric materials, one inducing losses (n 0 + ig) and the other gain (n 0 − ig). The value of the refraction index n 0 coincides with the respective value n in the asymptotic regions on either side of the device (n 0 = n). Figures 2 (b) , (c) illustrate the phase diagram of the corresponding setup for incoming waves which are all eigenstates of the S-matrix. Particularly, subfigure (b) shows, for reasons of comparison, the phase diagram for a limited parameter range, similar to that used in Fig. 2 (a) of Ref. [9] , while (c) illustrates the same situation for a broader parameter range. The emerging surfaces stem from the condition given in Eq. (14) and the corresponding parameters which determine its form are the gain/loss rate (g), the scaled frequency ωL and the angle ϕ, appearing in the phase of ν. Note, that g and ωL appear in the expressions of γ and β, contained in the S-matrix. This 3D representation is advantageous in several ways, revealing transparently new aspects of the structure of the phase diagram. In the first place, there are no solutions of Eq. (14) for π < ϕ < 2π and consequently in this regime of angles PT -symmetric states do not exist. Additionally, the 3D phase diagram is symmetric around ϕ = π 2 , the latter being the limiting line in the 2D g − ωL plane, in the sense that the lines which correspond to the phase angles 0 < ϕ < π 2 , equally project in the range π 2 < ϕ < π. Therefore, projecting the diagrams (b) and (c) onto the g − ωL plane, the phase angle ϕ = π/2 forms a limiting curve separating PTsymmetric (below this curve) from PT non-symmetric (above this curve) S-matrix eigenstates. With this approach we recover the phase diagram derived in Ref. [9] . However, since every PT -symmetric state, which is also an eigenstate of the S-matrix, has |ν| = 1, the phase ϕ of ν provides essential information concerning the loci where PT -symmetry is obeyed. This information will have particular impact on the preparation of a scattering system in the PT -symmetric phase. In Fig. 2 (d) we show the limiting lines which correspond to ϕ = π/2, for six different values of |ν|. Curve (3) corresponds to incoming states which are eigenstates of the S-matrix (|ν| = 1). The existence of PT -symmetric states which are not eigenstates of the S-matrix is obvious. As we can see, the parameters ωL, g cannot uniquely describe the properties of a generic scattering state with respect to PT -symmetry, since the limiting curve depends also on the ratio of the incoming amplitudes ν. The limiting curves (1, 2) and (4 − 6), are characterized by |ν| = 1, describing generic PT -symmetric states which are not S-matrix eigenstates. Note also the oscillatory structure of the curves (inset), emerging from the sinusoidal term in Eq. (14) . Finally, in Fig. 2 (e) , the full, 3D phase diagrams are shown for several values of |ν|. The blue surface corresponds to the Smatrix eigenstates case and is part of the surface shown in (c). Obviously, the PT -symmetric S-matrix eigenstates cover only a small fraction of all possible PT -symmetric states. Concluding remarks-The central theme in the present Letter has been the derivation of a spatially invariant non-local current Q for the Helmholtz equation with PTsymmetry. This current offers a natural "order parameter" for the spontaneous PT -symmetry breaking transitions in one-dimensional scattering. There are two striking features of Q: (i) it provides a direct link to the violation (Q = 0) or not (Q = 0) of the global PT -symmetry and (ii) it allows the study of the PT -symmetry breaking transitions with scattering states which are not eigenstates of the S-matrix, enriching significantly the associated phase diagram. This extension, in turn, allows for the observation and manipulation of physical properties associated to the PT -symmetry of the setup (anisotropic transmission resonances, CPA-laser solutions), in parametric regions, which were previously inaccessible. Last but not least, it must be noticed that Q exists also for setups where the PT -symmetry holds only within a finite spatial domain (as a spatially invariant quantity within this domain). This opens the intriguing perspective to study novel transitions in systems where the PT -symmetry is broken globally but retained locally in well-defined spatial regions, leading possibly to an extended control of the phase diagram. Additionally, since the identification of local symmetries in globally nonsymmetric, aperiodic systems has led to setups with prescribed perfect transmission resonance properties [18] and their fundamental classification [17] , one could expect an extended variability of anisotropic transmission resonances in the case where PT -symmetry is fulfilled only in restricted spatial domains.
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